Abstract. We compare the infinite loop spaces associated to symmetric spectra, orthogonal spectra, and EKMM S-modules. Each of these categories of structured spectra has a corresponding category of structured spaces that receives the infinite loop space functor Ω ∞ . We prove that these models for spaces are Quillen equivalent and that the infinite loop space functors Ω ∞ agree. This comparison is then used to show that two different constructions of the spectrum of units gl 1 R of a structured ring spectrum R agree.
Introduction
The stable homotopy category can be constructed from a category of spectra that is symmetric monoidal under the smash product. Indeed, there are many such categories of spectra. The models that we will consider are symmetric spectra [10, 13] , orthogonal spectra [13] and (EKMM) S-modules [6] . These categories of spectra, as well as their various categories of rings and modules, are known to be Quillen equivalent [12, 13, 28] . However, a Quillen equivalence only gives so much information. On their own, these Quillen equivalences cannot compare the infinite loop spaces associated to equivalent models of the same spectrum. The present paper makes this comparison of infinite loop spaces.
To describe the prototype of the objects under comparison, let S denote the category of spectra E whose zero th spaces are infinite loop spaces: these are sequences of spaces E n with homeomorphisms E n −→ ΩE n+1 . Then the infinite loop space associated to such a spectrum E is its zero th space: Ω ∞ E = E 0 ∼ = Ω n E n for all n. This defines a functor Ω ∞ from S to the category T of based spaces. The suspension spectrum functor Σ ∞ is the left adjoint of Ω ∞ . Composing with the free/forgetful adjunction between the category of unbased spaces U and the category of based spaces T , we have the composite adjunction:
The main point of this paper is to define the analog of this adjunction for symmetric spectra, orthogonal spectra and S-modules, and then to show that these three adjunctions agree after passing to the homotopy category of spaces and the homotopy category of spectra. Each model for spectra has a corresponding model for spaces that is symmetric monoidal with commutative monoids modeling infinite loop spaces. These models are Quillen equivalent and this equivalence is the enhancement to the Quillen equivalence of spectra needed to compare infinite loop space information. The "structured spaces" associated to structured spectra are of considerable interest in their own right. Since their commutative monoids model infinite loop spaces, applying Ω ∞ to a commutative ring spectrum yields a space with a multiplicative infinite loop space structure. Multiplicative infinite loop spaces, as packaged in May's notion of an E ∞ ring space, were central to the early applications of the theory of structured ring spectra (see [19] for the role of E ∞ ring spaces in stable topological algebra and [20] for a history of these applications). More recently, Rognes has developed the logarithmic algebra of structured ring spectra [24] , which explicitly uses both the symmetric spectrum and EKMM approach to structured ring spectra and their multiplicative infinite loop spaces. Our results not only prove that his constructions in the two contexts are equivalent, but show how to transport information between them.
Another example of the use of multiplicative infinite loop spaces is the spectrum of units gl 1 R of a commutative ring spectrum R. Spectra of units are essential to multiplicative orientation theory in geometric topology [20] and have been used more recently in Rezk's logarithmic power operations [23] and the String orientation of tmf [1, 2] . To construct gl 1 R, the multiplication on R is converted into the addition on the spectrum gl 1 R. This transfer of structure occurs on the infinite loop space associated to R, and cannot be performed purely in terms of spectra. In fact, there are two constructions of spectra of units: the first is the original definition of May, Quinn and Ray for E ∞ ring spectra [15] and the second is the definition for commutative symmetric ring spectra given by Schlichtkrull in [25] . Using the comparison of infinite loop spaces, we also prove that these two constructions give equivalent spectra as output.
Let ΣS be the category of symmetric spectra, I S the category of orthogonal spectra, and M S the category of S-modules. Let I be the category of finite sets and injective functions and let IU be the category of functors from I to the category U of unbased spaces. We call an object of IU an I-space. IU is the appropriate model for spaces corresponding to symmetric spectra; it receives the infinite loop space functor Ω
• from symmetric spectra and participates in an adjunction:
(1) IU
Here, the subscript + denotes adding a disjoint basepoint to each space in the diagram before taking the suspension spectrum. We will work throughout with models for unbased spaces for flexibility and later ease in constructing gl 1 .
In direct analogy to I, let I f denote the category of finite dimensional real inner-product spaces and linear isometries (not necessarily isomorphisms). Let I f U denote the category of functors I f −→ U , which we refer to as I f -spaces. I f -spaces are the model for spaces corresponding to orthogonal spectra and we have an adjunction:
That IU and I f U are models for the category of spaces is provided by the following: Notice that the homotopy colimit in the orthogonal case is taken over a restricted category I U f , whose morphisms are only the inclusions V ⊂ W . This is the beginning of the subtle difference between the infinite loop space theories of symmetric and orthogonal spectra. The construction of the model structure is carried out for a general diagram category D satisfying a few axioms and may be of independent interest. The model structures will be used throughout but the construction is delayed to §14. According to [24] , Sagave and Schlichtkrull have also proved this result, at least for I-spaces.
Moving on from diagram spaces, let M * denote the category of * -modules [4] . This a symmetric monoidal category Quillen equivalent to U whose commutative monoids are the algebras for the linear isometries operad L (i.e. E ∞ spaces). M * is the model for spaces corresponding to S-modules and we have an adjunction:
Readers of [6] should be warned that Ω ∞ S is not the usual functor Ω ∞ on S-modules. Instead, Ω ∞ S is a version of Ω ∞ that passes through the mirror-image categories M S and M * . This is necessary to yield * -modules as output and to make the resulting adjunction work correctly.
Theorem 1.2. The three adjunctions (1) -(3) descend to homotopy categories compatibly with the adjunction
induced by the prototype adjunction (0).
To prove this, it suffices to prove that the three models for the infinite loop space functor Ω ∞ agree on ho S . Since we are using different but Quillen equivalent models for spectra, we must incorporate the comparison functors between these models. The same is true for our different models for spaces. In fact, we will use two intermediaries between orthogonal spectra and S-modules. These are the category S [L] of L-spectra and M S , the mirror image to the category of S-modules. There are analogs at the space level: U [L], the category of L-spaces, and M * , the mirror image to the category of * -modules. We shall construct the following diagram relating all of these categories:
The top row consist of models for the stable homotopy category and the bottom row consists of models for the homotopy category of spaces. All categories are symmetric monoidal with commutative monoids giving structured ring spectra and infinite loop spaces, respectively. All parallel arrows are monoidal Quillen equivalences with left adjoints on top. All vertical arrows are Quillen right adjoints. We prove Theorem 1.2 by showing that this diagram commutes up to weak equivalence. More precisely, we show that the diagram of derived functors on homotopy categories commutes up to natural isomorphism. The two squares on the right commute by construction, so this is accomplished by showing that (the derived versions of) the two left diagrams commute (Propositions 6.3 and 9.2, respectively).
There is also a version of this diagram for ring spectra and for commutative ring spectra, by passage to monoids and commutative monoids in all of the categories present. The version for commutative ring spectra is used to prove the following comparison result for spectra of units.
Given a symmetric monoidal category C , let CC denote the category of commutative monoids in C . Thus CΣS is the category of commutative symmetric ring spectra, CI S is the category of commutative orthogonal ring spectra and CM S is the category of commutative S-algebras. The latter is a subcategory of S [L ], the category of L -spectra, also known as E ∞ ring spectra. Let gl 1 : S [L ] −→ S denote the spectrum of units functor for E ∞ ring spectra, as constructed in [15] . Let gl 1 : CM S −→ S be its restriction to commutative S-algebras. In §10-11, we will construct functors gl 1 : CΣS −→ S and gl 1 : CI S −→ S , which give the spectra of units of commutative diagram ring spectra. For commutative symmetric ring spectra, gl 1 agrees with the construction in [25] . We use the notation ho A lg S as shorthand for any one of our equivalent homotopy categories of commutative diagram ring spectra or E ∞ ring spectra. This is proved as Theorem 12.9 and Theorem 13.3. The proof requires the comparison of delooping machines, which seems to be intrinsically non-model theoretic.
Outline. In §2-3 we define I-spaces, I f -spaces and the adjunctions (1) and (2) involving the infinite loop space functors Ω
• for symmetric and orthogonal spectra. In §4, we show that the adjunctions are monoidal and that commutative monoids in I-spaces and I f -spaces (dubbed I-FCPs and I f -FCPs) give rise to E ∞ -spaces and hence to infinite loop spaces. §5 contains the basic categorical technique used for all of the comparisons in the paper. In §6 we compare Ω
• for symmetric and orthogonal spectra. In §7 we shift to the EKMM approach, describing * -modules and defining the infinite loop space functor Ω ∞ S for S-modules. In §8 we construct the Quillen equivalence between I f -spaces and * -modules. The comparison of infinite loop spaces is complete by §9 with the comparison of Ω
• on orthogonal spectra with Ω ∞ S on S-modules. In §10 we define an FCP GL
• 1 R of units associated to a diagram ring spectrum R and in §11 we convert commutative FCPs to spectra, thus defining the spectrum of units gl 1 R. We compare gl 1 of symmetric and orthogonal ring spectra in §12 and then compare with gl 1 of E ∞ ring spectra in §13. The rest of the paper contains the model-theoretic results that underly the comparison results. In §14 we construct the stable model structure on the category of D-spaces in full generality and in §15 we prove that the stable model structures on I-spaces and I f -spaces are Quillen equivalent. In §16 we construct the stable model structure on commutative monoids in D-spaces (D-FCPs).
Conventions. D will always denote a topological category, i.e. a category enriched in topological spaces U . The main examples in this paper are I (with the discrete topology) and I f . By a D-space we mean a continuous functor D −→ U . See [13] for generalities on the category of D-spaces, including the level (or projective) model structure and enriched limits, colimits and Kan extensions. We will use the language of compactly generated model categories, which are a particular type of cofibrantly generated model category [13] . Recall that a model category C is topological if it is enriched, tensored and cotensored in U and the topological analog of SM7 holds: given a cofibration i : A −→ X and fibration p : E −→ B, the induced map of spaces
is a Serre fibration which is a weak equivalence if either i or p is. All of the model categories under consideration will be topological. The translation of the results to contexts based on simplicial sets is standard and left to the reader. Finally, a diagram of categories, such as the main diagram of this introduction, will be said to commute when we really mean "commute up to natural isomorphism".
The induced map ϕ * : Ω m E m −→ Ω n E n is defined to be ϕ * • ι * and is independent of the choice of ϕ.
The functor Ω • : ΣS −→ IT has a left adjoint Σ • . Given a based I-space X, the symmetric spectrum Σ
• X is given by (Σ • X) n = X n ∧ S n , with permutations acting diagonally. The adjunction
should be thought of as the symmetric spectrum analog of the usual (Σ ∞ , Ω ∞ ) adjunction between based spaces and spectra. The I-space Ω
• E is the appropriate notion of the infinite loop space associated to the symmetric spectrum E.
From now on, we will work with unbased I-spaces. The usual adjunction between unbased and based spaces passes to diagram spaces, and we have the composite adjunction:
Denote the top composite by Σ
• + . To understand the homotopy type that Ω
• E determines, we combine the spaces Ω n E n into a single space using the (unbased) homotopy colimit:
Remark 2.2. In general, π k Ω ∞ E and π k E do not agree. However, for k ≥ 0, the π k Ω ∞ E are the "true" homotopy groups of the symmetric spectrum E. This is because Ω ∞ E is the zero th space of Shipley's detection functor D [31] applied to E. When E is semistable in the sense of [10] , then π k Ω ∞ E is isomorphic to π k E for k ≥ 0. For more on semistable symmetric spectra and the nuances of the homotopy groups of symmetric spectra, see [27] .
Thinking of the homotopy colimit of an I-space as determining its underlying homotopy type leads to the stable model structure on I-spaces, which will be constructed in §14. The following is a special case of Theorem 14.3:
There is a compactly generated topological model structure on Ispaces, called the stable model structure, with weak equivalences the maps f : X −→ Y such that the induced map of homotopy colimits
is a weak equivalence of spaces. The fibrations are level fibrations f : X −→ Y such that for every morphism ϕ : m −→ n of I, the induced map
is a weak equivalence of spaces. In particular, the fibrant objects are the I-spaces X such that X ϕ : X m −→ X n is a weak equivalence for every morphism ϕ : m −→ n of I.
The connection to the homotopy theory of symmetric spectra, considered under the stable model structure [13] , is given by the following result.
• ) is a Quillen adjunction between I-spaces and symmetric spectra.
Before proving this, we will prove: Lemma 2.5. Ω
• preserves fibrant objects.
Proof. Suppose that E is a fibrant symmetric spectrum. Then the mapsσ : E n −→ ΩE n+1 are weak equivalences. Let ϕ : m −→ n be any morphism of I. By the description of fibrant objects, we need to show that (Ω • E) ϕ : Ω m E m −→ Ω n E n is a weak equivalence. Factor ϕ as ϕ = ϕ • ι, where ι is the natural inclusion m ⊂ n and ϕ is a permutation. As ϕ induces a homeomorphism of spaces, we need only show that (
, whereσ is the adjoint to the structure maps of the spectrum E. Since each instance ofσ is a weak equivalence, (Ω • E) ι : Ω m E m −→ Ω n E n is also a weak equivalence.
Proof of Proposition 2.4. It suffices to show that Ω
• preserves fibrations and acyclic fibrations. Suppose that p : E −→ B is a fibration of symmetric spectra. Then p is a level fibration of symmetric spectra [13, §9] , so each component p n : E n −→ B n is a fibration of spaces. Thus (Ω • p) n : Ω n E n −→ Ω n B n is a fibration, so Ω • p is a level fibration of I-spaces. Next form the fiber F of p as the following pullback:
Since p has the right lifting property with respect to acyclic cofibrations, F −→ * does as well, so F is a fibrant symmetric spectrum. By Lemma 2.5, Ω • F is a fibrant I-space. Let ϕ : m −→ n be a morphism of I. Then the induced map (Ω • F ) ϕ : Ω m F m −→ Ω n F n is a weak equivalence. Now consider the following diagram, where each vertical column is a fiber sequence of spaces, the middle one by definition:
The lower right square is a pullback, so the induced map of fibers fiber π −→ Ω n F n is a weak equivalence as indicated. The top composite is the weak equivalence 
is a weak equivalence. By the description of fibrations in the stable model structure, this means that Ω
Next we must show that Ω • preserves acyclic fibrations. Suppose that p : E −→ B is an acylic fibration of symmetric spectra. Then Ω
• p is a fibration and we need to show that it is a stable equivalence. By [13, 9.8] , p is a level equivalence of symmetric spectra, meaning that each map p n : E n −→ B n is a weak equivalence of spaces. Therefore each map (Ω • p) n : Ω n E n −→ Ω n B n is a weak equivalence, so the map of homotopy colimits
is a weak equivalence, proving that Ω • p is a stable equivalence.
Infinite loop space theory of orthogonal spectra
We now make the directly analogous constructions for orthogonal spectra. Let I be the category of finite dimensional real inner-product spaces V and linear isometric isomorphisms V −→ W . The category I T of I -spaces is symmetric monoidal under the internal smash product ∧. An orthogonal spectrum is a right module over the sphere I -space S : V → S V . We write I S for the category of orthogonal spectra.
Let I f be the category of finite dimensional real inner-product spaces V and linear isometries V −→ W (not necessarily isomorphisms). Fix a universe U of real inner product spaces. Let I U f be the category of finite dimensional subspaces V ⊂ U with morphisms the inclusions V ⊂ W within U . Notice that there is at most one morphism between any two objects. The category I f is the diagram shape for infinite loop spaces coming from orthogonal spectra, and just as in the symmetric setting, I f is the smallest symmetric monoidal category containing both I and I U f . There is an adjunction
defined the same way as for symmetric spectra. Given an I f -space X, Σ
• X is the orthogonal spectrum given by (Σ
Given an orthogonal spectrum E, the I f -space Ω • E is defined on objects by (Ω • E)(V ) = Ω V E V and on morphisms so that an isometry ϕ : V −→ W induces the map ϕ * :
Notice that to define E(ϕ), we must consider ϕ as a linear isometric isomorphism onto its image ϕ(V ) so that it is a morphism in I . From now on, we will work with unbased I f -spaces, and we have the composite adjunction:
We now combine the spaces Ω V E V together, but here we diverge slightly from the symmetric setting. The analog of I is I f , but we will not take homotopy colimits over this category. This would give the wrong homotopy type. Instead, we take homotopy colimits over the subcategory I U f , which is the analog of J. See Remark 15.4 for a conceptual explanation of this difference.
Remark 3.2. In the case of an orthogonal spectrum E, we do have a canonical
This is because π * -isomorphisms and stable equivalences coincide for orthogonal spectra. Put another way, for both symmetric spectra and orthogonal spectra, Ω ∞ E is the zero th space of a detection functor, being the zero th space of a fibrant replacement, but only for orthogonal spectra does a fibrant replacement always have the same homotopy groups as the original spectrum. 
is a weak equivalence of spaces. In particular, the fibrant objects are the I f -spaces X such that X ϕ : X V −→ X W is a weak equivalence for every morphism ϕ : V −→ W of I f .
The functor Ω
• participates in a Quillen adjunction with the category of orthogonal spectra, considered under the stable model structure:
• ) is a Quillen adjunction between I f -spaces and orthogonal spectra.
The proof is essentially identical to the proof of Proposition 2.4 and will not be repeated.
Functors with cartesian product and diagram ring spectra
We now consider multiplicative properties of the functor Ω
• applied to diagram ring spectra. Starting in full generality, let (D, ⊕, 0) be a small symmetric monoidal category. The category of unbased D-spaces DU is symmetric monoidal under the internal cartesian product ⊠. Given D-spaces X and Y , X ⊠ Y is defined as the left Kan extension of the (D × D)-space X × Y along ⊕ : D × D −→ D and its universal property is described by the adjunction:
The unit of ⊠ is the trivial D-space * . We will call a monoid in D-spaces under ⊠ a functor with cartesian product, abbreviated to D-FCP. By the above adjunction, an FCP X can be described internally in terms of an associative and unital map X ⊠ X −→ X or externally in terms of an associative and unital natural transformation
Specializing to D = I and I f , we have a symmetric monoidal product ⊠ on I-spaces and I f -spaces.
Lemma 4.1. For both symmetric and orthogonal spectra, the functor Ω
• is lax symmetric monoidal.
Proof. The functor Σ
• + is strong monoidal by inspection. As with any right adjoint of a strong monoidal functor, Ω
• is lax monoidal with structure maps
defined to be the adjuncts of:
Here ǫ is the counit of the (Σ • + , Ω • ) adjunction and the isomorphisms are the strong monoidal structure maps for Σ • + . Lax symmetric monoidal functors preserve monoids and commutative monoids, so we immediately have:
The point of using diagram spaces instead of ordinary spaces is that commutative monoids in diagram spaces (FCPs) model E ∞ spaces, instead of commutative topological monoids. We now prove this fact for I and I f spaces, and emphasize that here the two theories differ considerably.
For the following proposition, recall that a permutative category is a symmetric monoidal category whose unit and associativity isomorphisms are identities. The categories I and I f are both permutative. For this, we use the fact that the classifying space of a permutative category is naturally an E ∞ space [16, 4.9] . Thus we only need to give D[X] the structure of a permutative category.
We define the monoidal product of two objects of D[X] by:
where µ m,n : X m ×X n −→ X m⊕n is given by the FCP structure of X. Thus defined, is a bifunctor
because D is monoidal under ⊕ and µ is a natural transformation. A strict unit for is given by (0, 1), where 1 ∈ X 0 is the unit point of the FCP X. Similarly, strict associativity follows from the strict associativity of ⊕ on D and the (strict) associativity of the FCP X. Finally, the symmetry for comes from the symmetry for D and the fact that X is a commutative FCP.
Remark 4.4. The E ∞ operad which canonically acts on the classifying space of a permutative category is the (topological) Barratt-Eccles operad EΣ with EΣ(j) = EΣ j , the usual total space of the univeral Σ j -bundle. Indeed, the proof of [16, 4.9] displays an action of a categorical version of EΣ on every permutative category C , then taking the classifying space of the categorical operad and the category C to get an action of EΣ on BC .
We now arrive at the analogous result for orthogonal spectra (it is essentially [15, 1.6 and 1.9]). Let L denote the linear isometries operad for the fixed universe U . L is also an E ∞ operad.
Proof. The commutative FCP structure of X can be expressed externally as a natural transformation µ :
Remark 4.6. Proposition 4.3 does apply to I f -spaces, but that is not useful: it gives an E ∞ space structure on hocolim I f X, while the underlying space of an I fspace is hocolim I U f X. On the other hand, Proposition 4.3 does not apply to I U f because it is not symmetric monoidal. The point is that multiplicative structure is captured by different operads requiring different proofs: the topological BarrattEccles operad EΣ in the symmetric setting and the linear isometries operad L in the orthogonal setting.
Comparing left and right Quillen functors
Having set up the infinite loop space theory of diagram spectra, we are ready to start proving the comparison results. This brief section is an overview of the method of comparison that we will use. It is given in full generality, and is an easy observation about conjugation of adjoint functors. However, it is really a special case of a general method for dealing with composites of left and right derived functors (see [33] ).
Let (f, g) : A −→ B and (h, k) : C −→ D be two Quillen adjunctions of model categories. Further suppose that there are functors a : A −→ C and b : B −→ D that preserve fibrant objects and weak equivalences of fibrant objects (for example, a and b might be right Quillen functors). This situation can be pictured in the following diagram:
In the applications to follow, it will be easy to find a natural equivalence of composites ag ≃ kb. We wish to understand how to transfer this equivalence to an equivalence in the other direction: ha ≃ bf . In general, this will not be possible. However, when (f, g) and (h, k) are Quillen equivalences, we can make a comparison of derived functors. As left Quillen adjoints, f and h have left derived functors Lf : ho A −→ ho B and Lh : ho C −→ ho D. Similarly, g and k have right derived functors Rg : ho B −→ ho A and Rk : ho D −→ ho C . Since a and b preserve fibrant objects and and weak equivalences of fibrant objects, they also have right derived functors Ra and Rb, represented by aR and bR, respectively. Proof. Since right derived functors compose to give right derived functors, we have an isomorphism RaRg ∼ = R(ag) ∼ = R(kb) ∼ = RkRb. The units and counits of the derived adjunctions (Lf, Rg) and (Lh, Rk) are isomorphisms, yielding the desired isomorphism:
Comparison of infinite loop spaces of diagram spectra
To compare symmetric spectra and orthogonal spectra, one uses the embedding of diagram categories Σ −→ I defined by n → R n . This induces a forgetful functor U : I S −→ ΣS with a left adjoint P : ΣS −→ I S defined by left Kan extension. Similarly, the embedding I −→ I f induces a forgetful functor U : I f U −→ IU with left adjoint P : IU −→ I f U defined by left Kan extension. We recall the comparison results for diagram spectra, then state the analogous results for I and I f spaces.
Theorem 6.1.
[13] The adjunction (P, U) : ΣS ⇆ I S gives a Quillen equivalence between the categories of symmetric spectra and orthogonal spectra, both considered with the stable model structure. The adjunction restricted to commutative monoids (P, U) : CΣS ⇆ CI S is a Quillen equivalence between the categories of commutative symmetric ring spectra and commutative orthogonal ring spectra, both considered with the positive stable model structure.
The following result for spaces will be proved as Theorem 15.5 and Theorem 16.10: The infinite loop space functors Ω • fit into the following diagram:
Our goal is to show that this diagram commutes in both directions, up to weak equivalence. For the direction involving the prolongation functors, we must compose left and right Quillen functors. This requires descending to homotopy categories and derived functors, as discussed in §5.
Proposition 6.3. The following diagrams commute:
Proof. The commutativity of the first diagram is immediate from the definitions. The adjunctions are Quillen equivalences, and the functors Ω • are right Quillen by Propositions 2.4 and 3.4. Hence we are in the situation described in §5, so the second diagram commutes by Proposition 5.2.
We also make the comparison of Ω
• for commutative ring spectra. We first record the following observation: Proposition 6.4. For symmetric and orthogonal commutative ring spectra, (Σ
Proof. This goes just as for the additive case in Proposition 2.4, but using the positive stable model structure on ring spectra and FCPs.
In particular, Proposition 5.2 applies and we have: Proposition 6.5. The following diagrams commute:
Proof. The first diagram is immediate and the second follows from Proposition 5.2.
Infinite loop space theory of S-modules
We recall what we need of the theory of L-spectra and S-modules, referring to [6] as our primary source (see also [11, 15, 19] ). By a spectrum we mean a (LMS) spectrum E indexed on a universe U of real inner product spaces such that the structure maps E V −→ Ω W −V E W are homeomorphisms, as in [11] . We denote the category of spectra by S . There is a monad L on spectra defined using the twisted half-smash product:
satisfying coherent associativity conditions. S-modules in the sense of [6] are the L-spectra E for which the sphere spectrum acts as unit, meaning that the natural weak equivalence S ∧ L E −→ E is an isomorphism. Denote the category of S-modules by M S . The functor
The infinite loop space of an L-spectrum is the zero th space of the underlying spectrum: Ω ∞ E = E 0 . We wish to define the infinite loop space of an S-module. Since the forgetful functor l :
is a left adjoint and the infinite loop space functor Ω ∞ is right adjoint to the suspension spectrum functor Σ ∞ , taking the composition of the forgetful functor and Ω ∞ is structurally the wrong procedure. Instead, we pass through the mirror image of the category of S-modules. This is the category M S of L-spectra for which S is a strict counit, meaning that the natural map
is an equivalence of categories. We summarize this series of adjunctions in the following diagram, with left adjoints on top:
An E ∞ ring spectrum is an L-spectrum R with an action of the linear isometries operad L . Equivalently, R is an algebra for the monad C on L-spectra defined by:
where E ∧j is the j-fold smash product ∧ L of E. Similarly, a commutative Salgebra is an algebra for the monad C restricted to S-modules. To avoid confusion, be warned that the monad C is denoted by P in [6] and C is used for a different monad there. We use the notation C to conform with our general usage of C for the free commutative monoid monad in symmetric monoidal categories.
There is a symmetric monoidal category of spaces whose commutative monoids are L -spaces, and it is constructed in direct analogy with S-modules. This was carried out first in [3] . We will outline the basic definitions, referring to [4] and [1] for full details.
Let L be the monad on unbased spaces defined by
An L-space X is a * -module if the canonical weak equivalence λ :
and is left adjoint to the function L -space functor
There is a mirror image category M * to the category of * -modules. Its objects are the L-spaces for which the natural map X −→ F L ( * , X) is an isomorphism. We have adjunctions and an equivalence of categories between M * and M * just as for S-modules:
A commutative monoid in the category of L-spaces is an algebra for the monad:
Here ⊠ denotes ⊠ L . Commutative monoids in L-spaces are equivalent to L -spaces, meaning algebras for the linear isometries operad in unbased spaces. 
restricts to a pair of Quillen adjunctions between L-spaces and L-spectra:
We denote the composite of left adjoints by Σ ∞ L+ .
Remark 7.3. The suspension spectrum Σ ∞ X of an arbitrary based space X also carries an L-spectrum structure, given by collapsing L (1) to a point:
To avoid confusion with this trivial L-spectrum structure, we use the notation Σ ∞ L X for the L-spectrum associated to a (based) L-space. The structure map for Σ ∞ L X is induced by the structure map for X:
Since the unit condition for * -modules and S-modules is defined in terms of the left adjoints * ⊠ L − and S ∧ L −, the functor Σ
A series of adjunctions proves:
We avoid the issue of notation for this left adjoint as we will have no need of it.
8. The equivalence of I f -spaces and * -modules A Quillen equivalence between orthogonal spectra and S-modules is constructed in [12] . We will construct an analogous Quillen equivalence between I f -spaces and * -modules. Since * -modules are equivalent to L-spaces, it suffices to prove that I f -spaces are equivalent to L-spaces, which is accomplished in Theorem 8.11. The equivalence restricts to a Quillen equivalence of I f -FCPs and L -spaces, giving two equivalent approaches to modeling infinite loop spaces. The following section will use this result to show that the infinite loop space functors for orthogonal spectra and S-modules agree. We first summarize the Quillen equivalence of orthogonal spectra and S-modules. 
The functor N is strong monoidal and N # is lax monoidal. The restricted adjunction of commutative orthogonal ring spectra and E ∞ ring spectra
is also a Quillen equivalence. Similarly, there is a Quillen equivalence of orthogonal spectra and S-modules
that restricts to a Quillen equivalence of commutative orthogonal ring spectra and commutative S-algebras:
The functors we have denoted by N S and N # S are called N and N # in [12] . The cited source only contains the comparison of orthogonal spectra and S-modules, but the equivalence of orthogonal spectra and L-spectra follows by the same arguments, using the model structure for L-spectra from [6] .
We now make the central definition that will enable the comparison between I f -spaces and L-spaces. Let I c be the category of finite and countably infinite dimensional real inner product spaces and their linear isometries. Notice that 
A calculation of coequalizers proves:
The functor Q * is strong symmetric monoidal:
The general theory of [12, §1.2] now applies to the functor Q * . Define functors
Here − ⊗ D − denotes the tensor product of functors (an enriched coend). See [8] for a very readable account of the basic case where both functors land in topological spaces. For a more abstract setting and the relation to bar constructions, see [32] . We will freely use basic properties of this construction as contained in these sources. 
Furthermore, Q is strong symmetric monoidal and Q # is lax symmetric monoidal. Thus (Q, Q # ) restricts to an adjunction of the categories of commutative monoids in I f U and U [L]:
The following diagram shows how the adjunction (Q, Q # ) fits into the infinite loop space theory of orthogonal spectra, L-spectra and S-modules:
Each pair of arrows is a Quillen adjunction with left adjoint on top. The vertical arrows give the appropriate version of the infinite loop space of each type of spectrum. Each vertical arrow has a left adjoint and these vertical adjunctions are also Quillen adjunctions. The two rightmost squares commute (in both directions), and we will soon prove that the left square commutes up to natural equivalence.
There is a direct construction of a functor Q * : I f U −→ M * using the same method as the construction of Q:
The functor Q * has a right adjoint Q # * . In fact, this adjunction of I f -spaces and * -modules coincides with the composite adjunction in diagram (8.5). The proof is a long series of adjunctions and will be omitted, but works equally well to compare N S to N:
It is a reassuring and crucial fact that our construction of an L -space from an I f -FCP agrees with the original colimit construction given in [15] :
Proof. We may write
The isomorphism follows:
We now turn to the homotopical analysis of the functors Q and Q # . 
(ii) f induces a Serre fibration of mapping spaces:
is a weak equivalence.
Proof. (i) The restriction map γ * : I c (W, U ) −→ I c (V, U ) is a trivializable fiber bundle of CW complexes [6, p.198-199] . A choice of section s : I c (V, U ) −→ I c (W, U ) is a Quillen cofibration of spaces, hence a cofibration of L-spaces. Since s is a weak equivalence of spaces, it is an acylic cofibration of L-spaces. The model structure on L-spaces is topological, so s and the canonical fibration p : X −→ * induce an acylic Serre fibration of mapping spaces:
This weak equivalence is naturally isomorphic to:
Since s is a section of the fiber bundle γ * , the map induced by γ * is a weak equivalence of mapping spaces, proving (i).
(ii) I c (W, U ) may be triangulated as a CW complex, so it is cofibrant as a space, hence as an L-space. The model structure is topological and f is a fibration, so the induced map of mapping spaces f * is a Serre fibration.
(iii) In the following diagram, the space marked P is the pullback of its square and we must show that U [L](γ * , f ) is a weak equivalence:
The maps marked as weak equivalences are so by (i). f * is a fibration by (ii). Since weak equivalences are preserved by pullback along fibrations, the vertical map from P is also a weak equivalence. Thus U [L](γ * , f ) is a weak equivalence. The projection from the homotopy colimit to the colimit is induced by cofibrant approximation, so the above proposition is the heart of the Quillen equivalence between I f -spaces and L-spaces. To make this idea precise, we need the following lemma, which translates between the model-theoretic approach to homotopy theory and that based on the bar construction.
Lemma 8.10. Suppose that X is a cofibrant I f -space. Then the projection
Proof. The stable model structure is a left Bousfield localization of the level model structure, so X is cofibrant in the level model structure. Restricting diagram categories, X is cofibrant in the level model structure on I 
is a weak equivalence. Hence Q # preserves weak equivalences. To prove that (Q, Q # ) is a Quillen adjunction, it suffices to prove that Q # preserves fibrations. Suppose that f : X −→ Y is a fibration of L-spaces. By the description of fibrations of I f -spaces in Theorem 3.3, we need to prove that Q # f is a level fibration and that for every inclusion i :
is a weak equivalence. By definition, this is the map U [L](i * , f ) of mapping spaces, which is a weak equivalence by Lemma 8.
which is a weak equivalence by Lemma 8.8.(ii). Hence Q # f is a fibration, and we conclude that (Q, Q # ) is Quillen. Now we turn to the Quillen equivalence. Let X be a cofibrant I f -space and Y a (necessarily fibrant) L-space. It suffices to show that a map f : QX −→ Y of L-spaces is a weak equivalence if and only if its adjunct X −→ Q # Y is a stable equivalence of I f -spaces. This will follow from the following commutative diagram:
The top composite is the map of homotopy colimits induced from the adjunct This follows from the previous theorem exactly as in the proof of [12, 1.5] . Crucial to the workings of the cited proof is the fact that the quotient map
is an equivalence for cofibrant I f -spaces and cofibrant L-spaces. For L-spaces, this is proved exactly as in [6, III.5.1]. For I f -spaces, this is proved as Proposition 16.6, which relies on a reinterpretation of I f -spaces as * -modules in the category of I -spaces (the analogous statement in the symmetric setting says that I-spaces are the same as * -modules in the category of Σ-spaces).
Comparison of infinite loop spaces of orthogonal spectra and S-modules
We will now use the Quillen equivalence of I f -spaces and L-spaces to prove that the infinite loop space functors of orthogonal spectra, L-spectra and S-modules agree. We first need a lemma relating the twisted half-smash product to the smash product of spaces.
Let X be a based space. The twisted half-smash product Lemma 9.1. There is an isomorphism of L-spectra:
We may now make the comparison:
Proposition 9.2. The diagrams on the left commute up to natural weak equivalence and the diagrams on homotopy categories on the right commute:
Proof. We make the comparison of right adjoints first. Unraveling definitions, we have:
The first isomorphism follows since tensors with spaces are preserved by left adjoints, such as the twisted half-smash product. For the second isomorphism, notice that S V ∧Σ V ⊗U V S 0 ∼ = Σ V ⊗U S 0 , and then apply the untwisting isomorphism (Lemma 9.1):
A choice of one-dimensional subspace of U gives a fixed isometry V −→ V ⊗ U (if U = R ∞ , we may choose R ⊂ R ∞ ). Lemma 8.8 applied to this isometry gives an equivalence of mapping spaces:
Since this map is natural in V , we have a level equivalence of
This gives a stable equivalence, natural in E, making the two diagrams on the left commute up to equivalence. The right hand diagrams follow from Proposition 5.2.
The two rightmost squares of diagram (8.5) commute strictly, so we may immediately deduce the comparison of infinite loop spaces between orthogonal spectra and S-modules from Proposition 9.2:
Proposition 9.3. The diagrams on the left commute up to natural weak equivalence and the diagrams of homotopy categories on the right commute:
This concludes the comparison of infinite loop space functors and the proof of Theorem 1.2.
The space of units of a diagram ring spectrum
Let R be a commutative diagram ring spectrum. In the next two sections, we will define the spectrum of units gl 1 R. The idea is that by taking the stably invertible components of the commutative FCP Ω
• R, we have a space-level model for the units: a commutative FCP GL • 1 R. This is accomplished in the current section. We then convert commutative FCPs into spectra in §11. The construction is essentially the same as that of Schlichtkrull [25] in the case of symmetric spectra.
The forgetful functor from groups to monoids has a right adjoint M → M × , where M × is the submonoid of invertible elements of M . We will make the analogous construction for I-FCPs. Let X be an I-FCP. The discrete space π 0 X = π 0 hocolim I X inherits the structure of a topological monoid from the A ∞ space structure of hocolim I X. We say that X is grouplike if π 0 X is a group. Consider π 0 X and (π 0 X) × as constant I-spaces. Notice that π 0 hocolim I X ∼ = colim n∈I π 0 X n . We define a discretization map of I-spaces X −→ π 0 X by:
The first map is the discretization map of spaces that takes a point to its connected component in π 0 , while the second is the inclusion into the colimit. For any morphism ϕ : m −→ n in I, the following diagram commutes:
π 0 X n y y s s s s s s s s s s colim n∈I π 0 X n Hence X −→ π 0 X is a map of I-spaces. We may now define an I-FCP X × by the following pullback of I-spaces:
n is the union of the components of X n whose elements are stably invertible, in the sense that they map to units in π 0 X. It is immediate that π 0 (X × ) = (π 0 X) × and so X × is grouplike. Furthermore, X → X × is right adjoint to the forgetful functor from grouplike I-FCPs to I-FCPs.
Specializing to the case of the FCP Ω • R for symmetric ring spectra R, we can define FCPs of units:
Definition 10.1. Let R be a symmetric ring spectrum. The I-FCP of units of R is GL
Remark 10.2. For semistable symmetric spectra,
2). In this case, (π 0 R)
× is the usual subgroup of (multiplicatively) invertible elements of the ring π 0 R and GL • 1 R is defined by the following pullback: GL
We now do the same thing in the orthogonal case, taking care to take homotopy colimits over the subcategory I U f of I f . Let X be an I f -FCP. The discrete space π 0 X = π 0 hocolim I U f X is a monoid and we say that X is grouplike if π 0 X is a group. Consider π 0 X and (π 0 X) × as constant I f -spaces. We have a map of I f -spaces X −→ π 0 X just as for I. We may now define an I f -FCP X × by the following pullback of I f -spaces:
The functor X → X × is right adjoint to the forgetful functor from grouplike I fFCPs to I f -FCPs. Definition 10.3. Let R be an orthogonal ring spectrum. The I f -FCP of units of R is GL
Remark 10.4. For all orthogonal ring spectra R, π 0 Ω ∞ R ∼ = π 0 R. Hence GL • 1 R is the pullback: GL
The spectrum of units of a commutative diagram ring spectrum
From a commutative diagram ring spectrum R we have constructed a commutative FCP GL • 1 R. We will now convert commutative FCPs into spectra. This requires passing through an appropriate input category for infinite loop space machines.
Let F be the category of finite based sets n + = {0, 1, . . . , n}, with 0 the baseboint, and based functions of sets. An F -space is a functor Y : F −→ U such that the projections δ i : n + −→ 1 + sending i to 1 and all other elements to the basepoint induce a weak equivalence:
We call an F -space grouplike if π 0 Y 1 is a group. The category F is the opposite of Segal's category Γ and his notion of a special Γ-space (respectively, very special Γ-space) is equivalent to that of an F -space (respectively, grouplike F -space).
It will be easier to proceed in full generality for the next step. Let D denote either I or I f and let D denote the category that homotopy colimits are taken over in defining equivalences of D-spaces. Let X be a commutative D-FCP. We would like to construct an F -space given by n + → hocolim D X ⊠n , reminiscent of how one forms an F -space from a commutative topological monoid. The problem is that X ⊠n generally has the wrong homotopy type. To get around this problem, we need to use the flat replacement of D-spaces. Flat replacement was introduced in [4, 26] for I-spaces and is the standard approximation technique using the categorical bar construction.
The flat replacement of a D-space X is the D-space f X defined by the bar construction:
There is a map of D-spaces from the flat replacement f X to X:
In the case of I-spaces, f X is given at each level by:
where the homotopy colimit is taken over the comma category (D ↓ n).
We also define the homotopy internal cartesian product X ⊠ h Y of D-spaces X and Y using the bar construction:
On the left, D is the functor (
. As the internal cartesian product X ⊠ Y is the left Kan extension of X × Y along ⊕ : D 2 −→ D, the homotopy internal cartesian product X ⊠ h Y is the homotopy left Kan extension of the same functors, using the bar construction.
Lemma 11.1. There is a natural isomorphism of
Proof. This is just a comparison of definitions:
We will need the following lemma here and in later sections. It is a common cofinality result for homotopy colimits and includes Quillen's Theorem A as a special case. For a recent proof, see [8, 4.4] . 
Proof. For D = I, D = I, so this is the canonical equivalence B( * , I, I) ≃ * . For
, and we must show that: hocolim
By Lemma 11.2, the inclusion of categories J −→ I U f induces an equivalence of homotopy colimits. This gives the first equivalence in the following zig-zag:
The second equivalence follows because the maps in the colimit system are closed inclusions. The contractibility of the space of isometries finishes the proof.
We summarize the properties of flatness and flat replacement that we will need:
(ii) Flat replacement defines a lax monoidal endofunctor f on D-spaces and the projection f X −→ X is a monoidal natural transformation. This induces the first map on bar constructions below:
The composite is the lax comparison map for ⊠. The unit comparison map is the inclusion of zero-simplices * −→ B(D, D, * ).
(iii) follows from previous results and formal manipulation of the bar construction:
Construction 11.5. We construct a functor from commutative D-FCPs to Fspaces as the following composite:
The first functor is the flat replacement functor f and the second takes a commutative D-FCP X to the F D-FCP X ⊠ given by:
Since X is commutative, µ : X ⊠ X −→ X is a map of FCPs, and so the maps X ⊠m −→ X ⊠n induced by maps of F are D-FCP maps. The third functor applies the homotopy colimit levelwise. Thus the resulting F -space HX has n-th space:
The Segal map δ : HX n −→ (HX 1 ) n is an equivalence by Lemma 11.4(iii). We also allow the following variant: given any subcategory C of D, denote by H C the same construction with the homotopy colimits taken over C . By the proof of Lemma 11.4(iii), the output will still be an F -space as long as B( * , C , D) is level-wise contractible.
Remark 11.6. For the case of commutative I-FCPs, this is essentially the construction given by Schlichtkrull [25] . However, he works externally in terms of I n -spaces X ×n , and functoriality in F requires taking homotopy colimits over modified versions of I n denoted by D(n) there. Our approach is internal, using the monoidal product ⊠. A straightforward exercise shows that the two approaches give equivalent F -spaces.
The last step in constructing the spectrum of units is converting an F -space into a spectrum. Our model for the output will be weak Ω-spectra. A weak Ω-spectrum X is a sequence of space X n with spectrum structure maps X n −→ ΩX n+1 that are weak equivalences. In the more modern language of [13] , these are the fibrant objects in the category of coordinatized prespectra. Denote the category of weak Ω-spectra by S Ω . We will use the term spectrum for this notion from now on, hoping not to cause confusion with the underlying (LMS) spectrum of an L-spectrum. Since the spectrum of units of a ring spectrum will never carry multiplicative structure, we need not model it in a symmetric monoidal category of spectra: ultimately, we only care about the object it determines in the stable homotopy category.
There are many different, but equivalent, constructions of a spectrum from an F -space. Instead of choosing one, we follow the axiomatic approach of [22] . The most general input is the notion of an O-space for a category of operators O. This includes both the case of F -spaces and C -spaces for an E ∞ operad C . An infinite loop space machine is a functor E from O-spaces (for some category of operators O) to weak Ω-spectra along with a natural group completion ι :
The main theorem of [22] shows that any two infinite loop space machines agree up to natural weak equivalence, so the following definition does not depend on the choice of E.
Definition 11.7. Let R be a symmetric or orthogonal ring spectrum. The spectrum of units of R is the output of any infinite loop space machine E applied to the F -space given by Construction 11.5 for the commutative FCP GL 
We will not use the following result until the comparison with the spectra of units of E ∞ ring spectra, but we record it here since it is immediate from the definitions. It shows how Construction 11.5 encodes infinite loop space structure in two different ways. Recall that for an operad C , an F C -space is an F -space X such that each X n is a C -space and the maps induced by morphisms in F are maps of C -spaces.
Proposition 11.8. If X is a commutative I-FCP, then HX is an F EΣ-space, where EΣ is the topological Barratt-Eccles operad. If X is a commutative I f -FCP, then HX is an F L -space, where L is the linear isometries operad.
Proof. By Proposition 4.3, respectively Proposition 4.5, each homotopy colimit HX n is an EΣ-space, respectively an L -space. The induced maps HX m −→ HX n respect the operad structure because they are the homotopy colimits of maps of
Remark 11.9. We could have defined the spectra of units of diagram ring spectra operadically, by applying an infinite loop space machine to the E ∞ space hocolim GL
• 1 R. In fact, this gives the same homotopy type as Definition 11.7. For symmetric ring spectra one can prove this by applying the uniqueness result of [18] to the permutative category whose geometric realization is hocolim I GL • 1 R. For orthogonal ring spectra, we do not pass through the data of a permutative category so that uniqueness theorem is not applicable, but the comparison will implicitly be part of the proof of Theorem 13.3.
Comparison of units of diagram ring spectra
We will compare the spectra of units of symmetric and orthogonal commutative ring spectra. We first state a few basic lemmas. Proof. Here is the proof for I-FCPs. The orthogonal case is essentially identical. By Lemma 12.1, it suffices to show the map of spaces HX 1 −→ HY 1 is an equivalence. By definition, HX 1 = hocolim I f X where f X is the flat replacement of X. The canonical map f X −→ X is a level equivalence, so the map of homotopy colimits hocolim I f X −→ hocolim I X is an equivalence. Since X −→ Y is a stable equivalence, the result follows.
The next lemma is a basic fact about homotopy colimits, and is proven in [14, 6.2] . It will be used repeatedly in later sections. 
This goes back to Böksted's THH preprints. For a published proof, see [5, 2.5.1] . Notice that in the case of D = I f , we really are taking homotopy colimits over the whole category I f . This is the only point where we will need to do this, and only for fibrant objects. 
Proof. For D = I or I f , the whole composite is a weak equivalence by Lemma 12.4 and the second map is always an equivalence by [14, 6.4] X and hocolim J>0 X ≃ hocolim I U f X. By the two out of three property, the inclusion
is a weak equivalence. This gives the second weak equivalence in question.
For the first, let V be an inner product space of dimension d > 0. Choose an inclusion of categories J >0 −→ I U f >0 that sends d to V and each n to an inner product space of dimension n in a compatible way with the choice d → V . Then the composite
X is the inclusion that we must show is a weak equivalence. The first map is a weak equivalence because J >0 has an initial object so we may apply Lemma 12.3, and we already know that the second is a weak equivalence.
The following proposition compares the output of Construction 11.5 when fed I f -FCPs and their underlying I-FCPs.
Proposition 12.6. Let X be a fibrant commutative I f -FCP. Then there is a natural equivalence of spectra EHX ≃ EH(UX).
Proof. Recall the following notation from Construction 11.5: Given a D-FCP X, we let H C X denote the F -space defined by taking homotopy colimits over a subcategory C of D satisfying B( * , C , D) ≃ * . The inclusions of categories I U f −→ I f and I −→ I f induce maps of F -spaces:
We will show that these are equivalences of spectra after applying E. Fix d > 0. Because X and UX are positive fibrant, Lemma 12.5 implies that the horizontal maps on the left in the following commutative diagram are all weak equivalences:
The horizontal maps on the right are weak equivalences by the level weak equivalence f X −→ X, as in Lemma 12.2. Thus the right hand vertical maps are weak equivalences. By Lemma 12.1, the associated maps of spectra are equivalences.
We are ready to prove the comparison theorem for spectra of units of symmetric and orthogonal ring spectra. Before stating the result, we need to know that gl 1 descends to a functor on homotopy categories.
Lemma 12.7. The functor GL Proof. Consider the case of a fibrant commutative symmetric ring spectrum R (the orthogonal case is essentially identical). By Proposition 6.4, Ω
• R is fibrant in the positive stable model structure. Restricting the equivalences Ω m R m −→ Ω n R n to the stably unital components, we get equivalences (Ω m R m ) × −→ (Ω n R n ) × for m ≥ 1. Hence GL 1 R is fibrant in the positive stable model structure.
Next, Suppose that f : R −→ R ′ is a stable equivalence of fibrant commutative symmetric ring spectra. By Lemma [13, 8.11 ], f is a positive level equivalence of symmetric spectra. Hence Ω n f n :
is an isomorphism of monoids, the induced map of pullbacks
f is a level equivalence, hence a stable equivalence.
It follows from Lemma 12.7 and Lemma 12.2 that the functor gl 1 preserves weak equivalences between fibrant objects. Hence gl 1 has a right derived functor Rgl 1 from the homotopy category of commutative ring spectra to the homotopy category of spectra. Next, we make the comparison of the FCPs GL 
Proof. Let R be a commutative orthogonal ring spectrum. Then UR is a semistable symmetric ring spectrum, so GL
• 1 UR may be identified with the following pullback of I-FCPs:
Since Ω
• UR ∼ = UΩ • R and π 0 UR ∼ = π 0 R, U takes the pullback diagram of I f -FCPs defining GL
• 1 R to the displayed pullback. U preserves pullbacks, so we have a natural isomorphism UGL 
x x r r r r r r r r r r
x x r r r r r r r r r r ho S Ω ho S Ω Proof. The diagram on the left can be expanded into the diagram:
The second diagram is:
Ω
The top square commutes by Proposition 12.8. For the lower triangle, notice that the following natural transformation is an isomorphism:
Here the displayed isomorphism is the commutativity of the triangle in the previous diagram and the unit η of the adjunction (LP, RU) is an isomorphism by the Quillen equivalence of Theorem 6.2.
Comparison of units of orthogonal and E ∞ ring spectra
We now make the comparison between the spectra of units of commutative orthogonal ring spectra and E ∞ ring spectra. They must first be compared at the space level:
Proposition 13.1. The following diagrams commute:
Proof. We consider the diagram on the left first. The second diagram will follow by Proposition 5.2 as usual. GL • with N # and Q # , it suffices to prove that the following diagram commutes:
Let Y be an L -space. First compute the components of π 0 Q # Y (V ):
The middle isomorphism follows from the equivalence of L-spaces 
This is an isomorphism of monoids, so we also have ( To compare the associated spectra of units, we need to compare the output of different infinite loop space machines. This is the main technical thrust of the uniqueness theorem for infinite loop space machines [22] , whose methods and notation we follow for the next proposition. The Segal machine S is an infinite loop space machine defined on F -spaces. Let E be any infinite loop space machine defined on L -spaces. Let Y be an F L -space with n-th L -space Y n and let Y denote the underlying F -space obtained by forgetting the L -space structures. Proof. Applying the infinite loop space machine E to each L -space Y n , we have a sequence of spectra EY n such that for m fixed, n + → E m Y n defines an F -space E m Y. Applying the Segal machine S to each of these F -spaces, we have spectra SE m Y for m ≥ 0. From here the proof is the same as the proof of [22, 2.5] . By properties of the Segal machine, there are equivalences
and thus the spectra SE m Y comprise a bispectrum. The "up-and-across" theorem [22, 3.9] then yields an equivalence of spectra SE 0 Y ≃ S 0 EY. Taking group completions into account leads to a zig-zag of equivalences:
We may now compare the spectra of units of commutative orthogonal ring spectra and E ∞ ring spectra: Theorem 13.3. The following diagrams commute:
Rgl1 y y s s s s s s s s s s Proof. We will do the diagram on the left first. We choose to use the Segal machine in the definition of gl 1 for commutative orthogonal ring spectra (Definition 11.7), and thus the diagram is: 
Thus the triangle commutes. The diagram on the right is: 14. Construction of the stable model structure
The prolongation functor P : ΣS −→ I S and its right adjoint the forgetful functor U give a Quillen equivalence between the categories of symmetric and orthogonal spectra, each with the stable model structure. We will define corresponding model structures on IU and I f U , called the stable model structures, such that the prolongation and forgetful functors comprise a Quillen equivalence.
The primary reference for model structures on diagram spectra is [13] , which is the source for many of the arguments in this section.
The stable model structure must be defined slightly differently for I and I f spaces. Furthermore, the stable model structure on commutative monoids in Dspaces will require an underlying positive model structure on D-spaces, just as for diagram spectra. We will work at a level of generality that subsumes all of these variants by fixing the following data: 
, the inclusion of X d into the homotopy colimit over D is a weak equivalence: 
Then F ′ I and F ′ J are the generating cofibrations and acylic cofibrations for the D ′ -relative level model structure on DU .
We will refer to the fibrations and weak equivalences of the D ′ -relative level model structure as level fibrations and level equivalences (leaving reference to D ′ implicit). The cofibrations of the level model structure will simply be called cofibrations as they coincide with the cofibrations of the stable model structure. Definition 14.2. A map f : X −→ Y of D-spaces is a stable equivalence if the induced map of (unbased) homotopy colimits over D is a weak equivalence of spaces: Converting to this notation, factor λ ϕ : d * −→ c * into a cofibration k ϕ followed by a level acyclic fibration r ϕ using the mapping cylinder M λ ϕ of λ ϕ (defined level-wise):
Starting with k ϕ and any i : S n −→ D n+1 in the set I of generating cofibrations, passage to pushouts yields the pushout product:
Let k ϕ I = {k ϕ i | i ∈ I}. Define K ′ to be the union of F ′ J and the sets k ϕ I over all morphisms ϕ of D ′ . K ′ will be the set of generating acyclic cofibrations for the stable model structure on DU .
Thus χ picks out all the possible images of x under morphisms in D. Notice that p is a level fibration by Proposition 14.5. Form the pullback of χ with p:
Since p has the RLP with respect to K ′ , π does as well. By Proposition 14.5, γ induces a weak equivalence:
In fact, γ * is an equivalence of fibrations over D(d 1 , c):
Since the right hand square is a pullback, p −1 (β * (x)) is also the fiber of π ′ over α. The equivalence of the fibers of π c and π ′ over α gives the desired equivalence:
For the following lemma, we make a choice of fiber by choosing a nondegenerate basepoint * ∈ B 0 . Since 0 is initial, this gives well-defined basepoints in each B d . Proof. Recall the translation category C [X] associated to a functor X : C −→ U ; its classifying space is canonically homeomorphic to hocolim C X (see the proof of Proposition 4.3).
We will apply Quillen's Theorem B [34] to the functor p :
induced by the level fibration p. To apply Theorem B, we must first check that for any morphism
, the induced map of comma categories
induces a weak equivalence of classifying spaces.
A comparison of definitions shows that there is an isomorphism of categories:
x ]. Hence to show that (14.9) induces a weak equivalence of classifying spaces, it suffices to show that
is a weak equivalence of spaces. We now use the standing assumption (v) of Input Data 14.1 on the equivalence of homotopy colimits over comma categories. This reduces the problem to showing that the following map is an equivalence:
By Lemma 14.7, every map in these colimit systems is an equivalence. Since the comma categories have initial objects, this means that the functors p 
The bottom map is the identity, hence the map of homotopy colimits is an equivalence as required. The hypotheses for Theorem B are now satisfied. Theorem B applied to the functor p :
yields a homotopy pullback of classifying spaces:
Since the identity map of ( * , 0) is the initial object of the comma category (( * 
Thus the homotopy pullback (14.11) displays hocolim D F as the homotopy fiber of
We can now establish the crucial step in setting up the model structure: Proposition 14.12. Suppose that p : E −→ B is a stable equivalence satisfying the RLP with respect to K ′ . Then p is a level acyclic fibration.
Proof. As p has the RLP with respect to F ′ J, it is a level fibration. We must show that it is a level equivalence. Choose a basepoint * ∈ B 0 with images * ∈ B d . The levelwise fiber over these basepoints forms a pullback of D-spaces:
Lemma 14.8 implies that hocolim D F is the homotopy fiber of a weak equivalence:
Hence hocolim D F is contractible. By the pullback square, F −→ * satisfies the RLP with respect to K ′ . Corollary 14.6 implies that the maps F ϕ : Here a set of maps I is said to be compact if for every domain object X of a map in I and every relative I-cell complex Z 0 −→ Z, the induced map colim C (X, Z n ) −→ C (X, Z) is an isomorphism.
In our situation, the generating cofibrations are F ′ I and the generating acyclic cofibrations are K ′ . Using the adjunction between F n and evaluation at level n, compactness of F ′ I and K ′ follows from compactness of spheres and disks. Condition (i) follows from Lemma 14.13. Proposition 14.12 shows that stable equivalences satisfying the RLP with respect to K ′ satisfy the RLP with respect to F ′ I. This is one direction of condition (ii). For the other, suppose that f satisfies the RLP with respect to F ′ I, i.e. f is a level acylic fibration. Since f is a level equivalence, it is a stable equivalence, so we only need to show that f satisfies the RLP with respect to K ′ . Using the level model structure, f satisfies the RLP with respect to cofibrations. It follows from Lemma 14.13 that f satisfies the RLP with respect to relative K ′ -cell complexes. In particular, f satisfies the RLP with respect to K ′ . Thus conditions (i) and (ii) are satisfied, so Theorem 14.14 gives the compactly generated model structure on D-spaces. This concludes the proof of Theorem 14.3.
The equivalence of I-spaces and I f -spaces
The comparison result hinges on the Quillen equivalence of the stable model structure on I-spaces and the stable model structure on I f -spaces. We now turn to proving this equivalence. We first record a standard consequence of Böksted's Lemma (Lemma 12.4), known as the "telescope lemma": Lemma 15.1. Suppose that X is an I-space such that X n is λ n -connected, where {λ n } is an unbounded nondecreasing sequence of integers. Then the inclusion of categories J −→ I induces an equivalence of homotopy colimits: Proof. Fix an object n of I op . We need to show that the following map of unbased homotopy colimits is an equivalence:
The space I f (R n , R k ) is the Stiefel manifold of n-frames in R k , which is (k−n−1)-connected. Thus, as a represented I-space, I f (R n , −) satisfies the conditions for Lemma 15.1, which gives the result.
The following is the key step in proving that I-spaces and I f -spaces are Quillen equivalent: Proposition 15.3. Let X be a cofibrant I-space. Then the unit η : X −→ UPX of the adjunction (P, U) is a stable equivalence.
Proof. Since the homotopy colimit functor DU −→ U is a left adjoint, it commutes with colimits, including pushouts, wedges and tensors, i.e. products with spaces. As X is an F I-cell complex, we are reduced to showing that for the shift desuspensions F n of the point * , the map η : F R n , so we are reduced to showing that the induced map on homotopy colimits is a weak equivalence:
We have the canonical level equivalence B( * , I, I) −→ * , so the domain is contractible. Lemma 15.2 is the first equivalence in the following chain:
The second space is contractible, as in the proof of Lemma 11.3. Since the domain and codomain are contractible, η * is an equivalence as desired.
Remark 15.4. The preceding proof provides an explanation for why we take homotopy colimits of I f -spaces over the natural inclusions I U f and why we use the whole category I for I-spaces. Using the description of the mapping spaces of I and I f , we are essentially comparing
If we took the first homotopy colimit over the natural inclusions J, we would get a space with very nontrivial homotopy groups. Using the whole category I identifies the permutations appropriately to get a contractible space. On the other hand, the second homotopy colimit would be monstrously difficult to understand if taken over I f ; as we saw, restricting to I U f yields the infinite Stiefel manifold of k-frames in R ∞ , which is contractible. Thus the need for an equivalence of these spaces dictates our choices of diagram shape for homotopy colimits. This difference between the symmetric and orthogonal settings also gives rise to the fact that π * -isomorphisms and stable equivalences do not coincide for symmetric spectra, while they do for orthogonal spectra, as explained in [13] . Proof. U preserves fibrations by the characterization of fibrations given in Proposition 14.5. Stable acylic fibrations and level acyclic fibrations coincide and U preserves level equivalences, so U preserves stable acylic fibrations. Thus (P, U) is a Quillen adjunction.
By [9, 1.3.16] , (P, U) is a Quillen equivalence if U reflects stable equivalences between fibrant objects and for cofibrant I-spaces X, the composite 
Hence the top map is an equivalence, so U reflects stable equivalences between fibrant objects. By Proposition 15.3, η is a stable equivalence, so we just need to show that Ur is a stable equivalence. Consider the following commutative diagram: The point of considering I-spaces as * -modules is that it makes the computation of the internal cartesian product of I-spaces much easier. The product of Σ-spaces is given by the formula: We have the corresponding results for I f -spaces, proved in the same way: Proposition 16.3. The category I f U of I f -spaces is isomorphic to the category of * -modules in I U . Furthermore, this isomorphism is monoidal: for I f -spaces X and Y , their product X ⊠ I f Y as I f -spaces is naturally isomorphic to their product X ⊠ * Y as * -modules. Since we have established Proposition 16.6, the proof of [13, Theorem 0.7 (proved in §16)], which establishes the Quillen equivalence between symmetric and orthogonal commutative ring spectra, may be mimicked to prove:
